experiments. The main source of error is caused by the uncertainty in the measurement of the initial BP thickness. Through theoretical modeling, initial fiber volume fraction was found to be one of key parameters that can modulate the piezoresistive behavior of BP.
Introduction
Carbon nanotubes (CNTs) exhibit remarkable physical, mechanical, thermal, and electrical properties. CNTs are usually synthesized in the form of vertically aligned [1] or random networks of fibers [2] [3] [4] [5] . Aligned networks of CNTs have been found to be valuable in numerous applications but there are experimental challenges involved in the preparation [5, 6] . It is significantly easier to prepare buckypaper (BP), which is a self-supporting random network of CNTs entangled together by means of weak van der Waals interactions at tube-tube junctions. Typically, BP is prepared via filtration of CNT suspensions resulting in a mesoporous material made up of layers of multiwall carbon nanotubes (MWCNTs) [4, 7, 8] . BP possesses mechanical and electrical properties that are attractive for numerous practical applications [9, 10] . The favorable structural arrangement of CNTs and the abundance of tube-tube contacts in BP have led to an ever-increasing list of applications ranging from actuators [11] , artificial muscles [12] , strain sensors [13] to supercapacitors [14] .
Despite the fact that an individual carbon nanotube has excellent electrical properties, electron transport from one nanotube to another is the bottleneck governing the overall electrical conductivity of BP [15] . Ostensibly, the contact resistance between the CNTs can be in the range of 0.1-1 MW [16] . One of the ways to enhance the electrical properties of BP can be envisaged through covalently bonded cross-linking of CNTs [17] [18] [19] [20] . However, Zhang et al. [21] pointed out two critical issues in this approach. Firstly, chemical functionalization and electron beam irradiation can damage the intrinsic structure of the CNTs and secondly, the aggregation of CNTs can occur during the filtration of CNT suspensions. Alternatively, the contact resistance can be tuned by the orientation of CNTs and also through the application of modest stresses at the contacts 3 [22] . Since the latter method is the simplest and least resource-demanding, it is of imperative to predict the piezoresistive behavior of BP by formulating a relationship between the structural characteristics, constituent CNT dimensions and the electrical properties.
In the past, the porous and random nature of CNT network in BP has been compared to that of a nonwoven textile material with randomly oriented fibers [23] . Initial efforts were focused on understanding the compression resistance of BP [24, 25] through the classical semi-empirical model of van Wyk [26] . The analytical models of BP compressibility were also developed by formulating the relationship between orientation distribution, CNT volume fraction along with physical and mechanical properties [27, 28] . Recently, the compression model of BP together with constriction resistance techniques has been used to predict compression induced electrical response [29] .
However, compressive stress is a pre-requisite for predicting the electrical response, which requires additional experimental work. Thus, the main aim of the present research is to predict the electrical resistivity of BP under defined levels of compressive strain by formulating a direct relationship with structural parameters, physical and electrical properties of CNTs. Here, a simple twodimensional (2D) piezoresistive model of BP is developed through a multi-stage process. Initially, the structural parameters of a planar BP have been computed through geometrical probability approach followed by computation of compressive stresses. Subsequently, the classical Hertzian contact mechanics approach in combination with constriction resistance techniques led to the predictive model of electrical resistivity of BP. Further, a comparison has been made between the theoretical and experimental results of electrical resistivity of BPs with varying densities. A parametric analysis has also been performed to understand the effect of key structural parameters on electrical resistivity of BP. 4 
Theoretical Analysis
The following assumptions have been made in order to develop a predictive model of electrical resistivity of BP.
• CNTs in BP have identical properties in terms of physical dimensions (diameter, length) and exhibit linearly elastic characteristics.
• CNT segments between the junctions are straight before loading. Nevertheless, the geometrical probability approach accounts for the local waviness in CNTs by considering the changes in the orientation distribution of CNTs through tangents drawn at the wavy line [30] .
• Slippage between the CNTs in the network is negligible and other deformation types (torsion, compression and tensile) of CNTs are considered to be small.
• The internal electrical resistance of CNT is low enough [16] to be neglected in the analysis.
Structural parameters of BP
As mentioned earlier, BP consists of a network of CNTs. The spatial alignment of each CNT can be represented by a pair of in-plane ( ) and out-of-plane ( ) orientation angles in a spherical coordinate system. Accordingly, the probability that the CNT direction lies in an infinitesimal range of and , and and is , where is the orientation distribution function (ODF). The ODF is abided by the following normalization condition.
In the past, the MWCNTs in BP were experimentally stratified as randomly oriented entities [4, 5, 27] . Accordingly, the geometrical probability approach, as proposed by Komori and
Makishima [30] for fibrous assemblies has been applied for computing the structural parameters of BP. Here, an individual CNT can be considered analogous to a fiber in Komori and Makishima's model [30] , hence the total number of CNT-CNT contacts per unit volume ( ) and the mean distance between the CNT-CNT contacts ( ) inside a BP can be computed as shown below [30] , and
where ; and (3) where is the volume fraction of CNT, do is the outer diameter of MWCNT, I is an orientation parameter defining the alignment of CNTs in the assembly, and is the angle between the two axes of CNTs having defined types of orientation distributions, and .
In the past, the morphology of BP has been found to be analogous to that of two-dimensional (2D)
paper-like structure [31] . Therefore, in the present work, the BP has been considered as a layered 2D network of CNTs stacked over each other such that the number of tubes are same as that of real three-dimensional (3D) structure [32] . Since, the out-of-plane orientation angle in a 3D structure is required to be updated under defined level of compressive strain, which tends to be computationally intensive. Assuming all the CNTs lie in the in-plane direction such that and using Dirac's delta function, and
. Based upon these considerations, equation (3) becomes,
, and
The above expression of I matches well with the orientation function (f) as defined by Toll and
Manson [33] . For a 2D random network, and .
Compression deformation of BP
As aforementioned, a BP is a network of CNTs held together by weak van der Waals forces acting at CNT-CNT contacts. During compression loading, the role of van der Waals forces at CNT-CNT contact is negligible [24] , although this may not hold true during unloading. In this analysis, we have accordingly neglected the role of van der Waals forces during the application of compressive stresses. When the BP is subjected to uniaxial compression, the applied compressive stresses are transmitted within the network by means of layers of CNT-CNT contacts [24, [27] [28] [29] , as illustrated in Fig. 1 . Fig. 1 . A schematic depicting the uniaxial compression of BP and the magnified view illustrates
the transfer of compression load within the layers of CNTs. Here, P is the compressive stress applied at BP, t is the thickness of BP, and do is the outer diameter of MWCNT.
Each layer of CNT-CNT contact is assumed to have a thickness equivalent to that of the outer diameter of CNT (do). Since, the CNTs are distributed in a stochastic manner, the applied stress is distributed statistically [33] . Thus, the mean force experienced by the CNT-CNT contact ( ) as a function of applied compressive stress (P) is given below,
Now considering a segment of CNT between the two successive contacts as a representative volume element (RVE) of the BP. Based upon the principles of continuum mechanics, the strain experienced by the RVE due to the compressive stresses would emulate the deformation occuring at the macroscale. Hence, the mean deflection of the network can be calculated by assuming the CNT segment as a beam with as shown below [34] , (6) where for MWCNT (7) where is the Young's modulus of the CNT, is the moment of inertia of CNT and di is the inner diameter of MWCNT.
Combining equations (5) and (6) and differentiating the resultant equation w.r.t. P, i.e.
According to Toll and Manson [33] , the network is collapsed when such that the total volume of the network becomes zero. Assuming , a simple relationship between and has been formulated [33] :
Hence, combining Eqs. (2), (7)- (9),
The total stress required to compress the BP from initial volume fraction of CNT ( ) to a defined volume fraction ( ) can be calculated as
Thus,
Interestingly, and are related with each other through the following equation [27] .
The applied compressive stress in the BP not only bends the CNT element but also causes an elliptical contact region due to transverse compression [29] . These elliptical shaped contact regions forms "a" spots in order to channelize the flow of electrons [35] . For two CNTs with their axes crossing at an angle , the inter-CNT contact area is given by [36] , 
where is the force acting on CNT-CNT contact, is the Poisson's ratio of the CNT, and are the transcendental functions of crossing angle ( ) or ( ) in 2D. The values of m and n for a given can be obtained from Ref. [36] .
Since BP consists of a network of stochastically distributed CNTs, the orientation averaging approach has been applied for computing the mean contact area, [29] . Accordingly, p needs to be appropriately replaced by using equation (14) . Similarly, the mean crossing angle of CNTs, based upon simple orientation averaging scheme would replace in equation (14) . Thus,
Electrical Resistivity of BP
In general, the electron transport in CNT assembly encounters two types of hindrances: internal resistance of individual CNT and constriction resistance [16, 29] . The internal resistance ( ) is caused by the inherent electrical resistance of the nanotube itself, whereas the constriction or contact resistance ( ) originates from the contact area formed between the two contacting tubes and typically, for CNTs [16] . An elliptical contact region is formed between two CNTs and accordingly, can be calculated using following equation [35] ,
where , is the radius of a circular spot with the area identical to that of the elliptical aspot, is the electrical resistivity, and is the form factor function. 
where and is the ratio of mean of semi-major to semi-minor axes of the constriction which effectively is a function of .
As mentioned earlier, BP consists of stacks of CNT layers, each layer has a thickness of and the resistance of each layer can be considered as a network of parallel resistors [16] . Thus, the equivalent electrical resistance of the BP (R) is given by,
where and where is the number of layers, is the BP thickness, is the surface area of the BP and is the number of CNT-CNT contacts in each layer.
Furthermore, the resistivity of the BP can be calculated using the following equation,
Combining equations (17)- (19), Thus, the electrical resistivity of BP can be predicted through equations (4), (5), (12), (13) and (15) . A Matlab ® code was written for predicting the electrical resistivity of BP under a defined level of compressive strain using an iterative process.
Experimental Work
Multiwall carbon nanotubes (MWCNTs) were synthesized by 2 hours of catalytic chemical vapor deposition from a C2H4:N2 (30:300 cm 3 /min) gas mixture at 650 o C over Fe,Co/Al2O3 (2.5-2.5
wt.% metal loading) catalyst. The MWCNTs were purified by repeating 4 hours of refluxing in 10 mol·dm -3 aqueous NaOH then 4 hours in cc. HCl solution four times. We refer to Ref. [37] for more details about the synthesis and purification procedure. Individual nanotubes were characterized using a FEI Tecnai G2 200 kV transmission electron microscope (TEM). Nanotubes afterwards [38] . Three different sets of BP samples with varying densities were prepared and the properties are given in Table 1 .
The absolute density of the as-prepared CNTs was measured with a Micromeritics MultiVolume
Pycnometer 1305 using helium as pressurizing gas. The morphology of the surface and the crosssection of the BPs were characterized using a Hitachi S-4700 Type II field-emission scanning electron microscope (SEM). Typical transmission electron microscopy (TEM) and scanning electron microscopy (SEM) images of the individual nanotubes and the formed BPs are presented in Fig. 2 . SEM images were quantitatively analyzed using the ImageJ® software. Measurements of 100 nanotubes taken in 3 different images were averaged to get the length and diameter values reported in Table 1 . 
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BP compression experiments were performed in a purpose-built cell that allowed the compression of the carbon nanotube mat in 16.5 μm units. The measurement apparatus is depicted in Fig. 3 . BP samples were placed between two copper disk electrodes (diameter = 15 mm, height = 2 mm), and their thickness was measured at every applied pressure with a micrometer screw with 1 μm precision (Moore & Wright Electronic Outside Micrometer). An in-situ two-point electrical resistivity measurement technique was applied to follow the resistivity change of the compressed films. During compression loading, the electrical resistance was recorded using a Voltcraft VC920 digital multimeter operated at constant current mode. The measuring current was approx. 1.1 mA.
The corresponding electrical resistivity of BPs under defined compressive strain was then calculated from the geometry of the film at each measurement step. Each resistance step was measured 15 minutes after compressing the BP film by 1 unit to allow for the decay of any transient effects. Electrical resistance and film thickness data were normalized to the initial resistance and thickness. Experiments were performed on three individual freshly filtered specimens (denoted as S1, S2, S3) for each BP sample with varying density. 
Results and Discussion
Compression of BP inevitably involves boundary effects resulting in "barrelling" or "hyperboloid" deformations [27] . In the past, these effects have led to significant differences between theory and experiments [27] . Despite the fact that such effects have not been accounted in our theoretical analysis, a reasonably good agreement was obtained between the theoretical and experimental results of electrical resistivity of BPs with varying densities as shown in Fig. 4 . Here, three specimens were tested for each sample of BP and the behavior of each sample is clearly marked in One of the possible reasons for the discrepancy between the theoretical and experimental results is the difficulties encountered during the measurement of BP thickness under zero compressive stress [27] . This is particularly pertinent for the BP samples with lower densities, for example, sample BP1 that has the lowest density and initial volume fraction of CNTs. The experimental observations clearly demonstrate that there is a sharp decrease in electrical resistivity when such a sample is compressed gradually due to the significant reduction in BP thickness. Theoretically, there is a steady decrease in electrical resistivity during compression as reduction in thickness has been carried out in a fairly homogenous way using equation (13) .
Next, we propose the mechanism of piezoresistive behavior of BP similar to that of CNT aerogels [39] . During uniaxial compression of BP, the stresses are transmitted within the network via layers of CNT-CNT contacts. Each CNT experiences a compression load that tends to bend the nanotube.
This inevitably allows the interaction with other CNTs through the formation of new contacts.
These new contacts increase the overall contact area that reduces the electrical resistivity of BP. It should be noted that the realignment of CNTs under compression load has not been taken into account as the structure of BP is considered to be 2D in nature. However, a 3D network of CNTs in the form of aerogels or sponges involves realignment of out-of-plane orientations during the application of compressive stresses [28, 39] . Nevertheless, the initial alignment and volume fractions of CNTs in BP are the key parameters that affect the compression induced electrical resistivity. The random initial alignment of carbon nanomaterials results in lower electrical resistivity due to the higher number of contacts formed between the entities in comparison to the preferentially aligned structure [29] . However, increasing the compressive strain reduces the 17 differences between the magnitudes of electrical properties of random and preferentially aligned structures as similar levels of number of contacts are attained in both cases [29] . Alternatively, increasing the initial volume fraction of CNTs in BP is anticipated to reduce the electrical resistivity significantly. To assess the effect of initial volume fraction of CNTs on electrical resistivity of BP, a parametric analysis was carried out, as illustrated in Fig. 5 . consider the aspect ratio of CNT as 1600 leading to of 12% which can be attained with of 6% under of 50%. Thus, the threshold level of compressive strain for maximizing the volume fraction of CNTs in BP would inadvertently affect the electrical resistivity accordingly.
Conclusions
A simple 2D model for predicting the electrical resistivity of BP under defined levels of compressive strain has been proposed by formulating a direct relationship with the structural parameters, physical and electrical properties of CNTs. The stochastic nature of CNTs in BPs has been accounted using a geometrical probability approach that allowed the computation of structural BP. It is anticipated that these findings would help in designing of buckypaper-based sensors. One particularly interesting potential application area is the development of intelligent clothing, as buckypaper is highly compatible with other fibrous materials. Therefore, BP could act as a primary source relaying stress-, wear-or environment (humidity, temperature) data from textiles to the user and to the Internet of Things.
